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The achromatic number of a finite graph G, (G), is the maximum number of
independent sets into which the vertex set may be partitioned, so that between any
two parts there is at least one edge. For an m-dimensional hypercube Pm2 we prove
that there exist constants 0<c1<c2 , independent of m, such that c1(m2m&1)12
(Pm2 )c2(m2
m&1)12.  2000 Academic Press
1. INTRODUCTION
An n-coloring of a graph c: G  [0, 1, ..., n&1] is proper if there is no
pair of adjacent vertices with the same color. An n-coloring of a graph G
is complete if for every pair of distinct colors, there exist two adjacent
vertices which are assigned these two colors. The achromatic number (G)
of a finite graph G is the largest number m such that G has a complete and
proper m-coloring. The achromatic number was introduced in early works
of Harary, Hedetniemi, and Prins [HHP67, HH70, H69], in the context of
graph homomorphisms. There is now a considerable literature on this
parameter. The reader is referred to the excellent surveys of Edwards
[E97] and Hughes and MacGillivray [HMG97] and references therein. It
is stated in [E97] that ‘‘for achromatic numbers, there appear to be only
a few results on special graphs apart from those for paths and cycles.’’
Determining the achromatic number of an m-dimensional hypercube is
suggested as an open problem in [HMG97, Sect. 8 Problem 2].
Let e denote the number of edges in G. Obviously ( 2)e. Hence,
(2e)12+1. If ( 2 )=e then for every pair of distinct colors there exists
exactly one pair of adjacent vertices which are assigned these two colors.
We call such a coloring an optimal complete coloring. The existence of
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an.optimal complete coloring for n disjoint m-cliques is equivalent to the
existence of a Steiner system.
A family of finite graphs [Gn]n=1 with |V(Gn)|   and e(Gn)   has
an almost optimal complete coloring if (Gn)t(2e(Gn))12 when n tends to
infinity. Geller and Kronk [GK74] proved that there is an almost optimal
complete coloring for families of paths and cycles (see also [HMG97, E97]
and references therein). This result was extended to bounded degree trees
and grids in [R90, CE98]. Recently, Cairnie and Edwards generalized this
result to all families of bounded degree graphs [CE97]. In this paper we
study unbounded degree cubes.
Using Hamming codes we prove:
Theorem. For an m-dimensional hypercube Pm2
(2&2+o(1))(e(Pm2 ))
12(Pm2 )2
12(e(Pm2 ))
12+1,
where o(1) is tending to zero as m tends to infinity.
See Theorem 3 below.
2. PROOF OF THE MAIN THEOREM
An m-dimensional hypercube may be considered as a Cartesian product
>mi=1 P2 , where P2 denotes a path of length 2. Every vertex in this cube
may be represented as a 0&1 vector (x1 , ..., xm). Two vertices are adjacent
if and only if they differ in exactly one coordinate. A vertex in the cube is
called an even vertex if mi=1 x i is even, and it is odd if 
m
i=1 xi is odd.
Theorem 1. Let Qd be a d-dimensional hypercube, where d=2k+1&k&3.
Then
(2&12+o(1))(e(Qd))12(Qd)212(e(Qd))12+1.
Theorem 1 is proved using the following well-known lemma [E97,
Proposition 2.2; HMG97, Corollary 2.1.2].
Lemma 2. Let H be an induced subgraph of G. Then (H)(G).
Proof. The upper bound is universal. It suffices to prove the lower
bound.
For m=2k&1 there is a partition of an m-dimensional hypercube to
disjoint balls of radius 1. The set of centers of these balls is called a Hamming
code. Moreover, for such an m there exists a partition of the hypercube into
m+1 disjoint Hamming codes, where exactly half of the vertices of each
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Hamming code are even vertices. For proofs and more details see [VL71,
pp. 2023].
Consider a d-dimensional hypercube, where d=2k+1&k&3. Then Qd=
Qm_Qn , where d=m+n, m=2k&1 and n=m&k&1. We will color an
induced subgraph of Qd with 2m&1&(m+1)2 (n+1)t2&12(e(Qd))12
colors.
First, define a coloring of Qm . Partition Qm to m+1 Hamming codes:
H0 , ..., Hm . For each 0tm label the odd vertices of Ht with different
positive integers 1, ..., 2m&1(m+1). For each v # Qm define
c (v) :={
t, v is an even vertex in Ht
(1)2m&2+\ t2 2
m&1
m+1
+ j&1,
v is an odd vertex in t labelled by j.
Here wxx denotes the integer part of x.
The colors of the odd vertices run from 2m&2 to 2m&2+wm2x 2m&1
(m+1)+2m&1(m+1)&1=2m&1&1, while the colors of the even vertices
run from 0 to m.
For each 0im the even vertices of Hi are together adjacent to all the
odd vertices of j{i H j . The following property of the coloring follows.
Fact 1. For each pair of colors t and s, 0tm and 2m&2s
2m&1&1, there exists a pair of adjacent vertices u, v # Qm , so that c (u)=t
and c (v)=s.
It is also easy to verify that
Fact 2. The coloring is proper.
Now, consider Qd=Qm_Qn . Assign the vertices v # Qn different non-
negative integers 0l(v)2n&1, where the last (n+1)(m+1) vertices form
a disjoint union of m+1 balls of radius 1 in Qn . These are 2n=2m&1(m+1)
copies of Qm in Qd=Qm_Qn , determined by fixed vertices in Qn .
Color the first 2m&1(m+1)&(m+1)(n+1) copies as follows: For any
(v, u) # Qm_Qn with l(v)<2m&1(m+1)&(m+1)(n+1) define
c(u, v) :=(c (u)+(m+1) l(v)) mod 2m&1, (2)
where c (u) is defined as in (1). Color the vertex (u, v) by c(u, v), provided
that c(u, v)<2m&1&(m+1)2 (n+1). Vertices, Which do not satisfy this
condition, are not colored.
The resulting coloring is proper, as (u1 , v1), (u2 , v2) # Qm_Qn are
adjacent if and only if one of the following cases hold:
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(a) u1=u2 and v1 {v2 . In this case
c(u1 , v1)&c(u1 , v2)=(m+1)(l(v1)&l(v2)) mod 2m&1{0.
(b) v1=v2 . By Fact 2 the coloring in this case is proper.
It follows from Fact 1 that for every pair of colors 1s, t2m&1&
(m+1)2 (n+1) with w sm+1x{w
t
m+1x, there exists a pair of neighbors in
one of the copies of Qm colored by t and s.
Now color the copies of Qm , determined by the centers of the last m+1
balls as follows: For the jth copy of Qm , 1 jm+1, color the even
vertices of a fixed Hamming code by j&1+k(m+1), where 0k2m&1
(m+1)&1. Again, we do not color vertices with j&1+k(m+1)2m&1&
(m+1)2 (n+1). For any vertex colored by s, color its neighbors by all
colors t{s, so that w sm+1x=w tm+1x. Now, the total coloring is a complete
2m&1&(m+1)2 (n+1)-coloring.
Note that every color appears exactly once in each of the last m+1
copies. It follows that the coloring of these m+1 copies is proper.
Moreover, the vertices in these copies are not adjacent to vertices in any
other colored copy of Qm . This implies that the total coloring of Qd is
proper.
Let H be the subgraph of Qd induced by the colored vertices. We have
shown that the total coloring of H is a complete and proper 2m&1&
(m+1)2 (n+1)-coloring. Lemma 2 completes the proof. K
The following theorem determines the achromatic number of a hyper-
cube of a sufficiently large dimension up to a multiplication by a constant.
Theorem 3. For a hypercube of dimension d, Qd ,
(2&2+o(1))(e(Qd))12(Qd)- 2(e(Qd))12+1.
Proof. Let m an integer less than d to be chosen later, and let k be an
integer such that m2 2
k&1m. Then Qd=Qm_Qd&m and Qm=Q2k&1_
Qm&(2k&1) . There exist 2k disjoint Hamming codes in a (2k&1)-dimen-
sional hypercube. Hence, there exist 2k disjoint covers of an m-dimensional
hypercube. We color an induced subgraph of Qd by 2m&1 colors. This is
done by imitating the coloring in the proof of Theorem 1. Here we color
m-dimensional subcubes of Qd , where their 2k disjoint covers play the role
of the disjoint Hamming codes.
The coloring is proper. This follows from same arguments as in the proof
of Theorem 1. Completeness of the coloring is assured by the inequality
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*[‘‘copies’’ of Qm in Qd]=2d&m
2m&1
2k
+(m+1)(d&m+1)
=*[‘‘copies’’ of Qm needed
to complete the coloring].
This inequality holds for m=w 12 (d+log2 d2&=(d ))x, where =(d )  0
when d is tending to infinity.
We obtain
(Qd)2m&1=2w12(d+log2 (d2)&=(d ))x&1
212(d+log2 (d2)&=(d ))&2=(2&2+o(1))(e(Qm))12. K
3. FINAL REMARKS
An m-dimensional hypercube contains many isomorphic subcubes, each
of them is a union of disjoint independent covers. In this paper we apply
this property of the hypercube to obtain a good lower bound on the
achromatic number. A natural goal is to study other families of graphs,
which have similar properties.
A grid of dimension m is a Cartesian product of paths Pn1 , ..., nm :=
Pn1 _ } } } _Pnm . For a family of bounded dimensional grids (Pn1 , ..., nm)t
(2e(Pn1 , ..., nm))
12 when the number of vertices >mi=1 ni tends to infinity
[R90, CE97].
Conjecture. For any family of unbounded dimensional grids
(Pn1 , ..., nm)t(2e(Pn1 , ..., nm))
12
when the number of vertices >mi=1 n i tends to infinity.
Cayley graphs of the symmetric groups Sn with respect to the set of
Coxeter generators 2n=[(1, 2), ..., (n&1, n)] play an important role in the
study of these groups. We believe that methods presented in this paper may
be applied to obtain good lower bounds on the achromatic number of
these Cayley graphs.
An interesting challenge is to find and characterize families of Cayley
graphs with a large achromatic number (G)(2e(G))12=0(1). This property
depends on the choice of the generating set, as shown in the following example.
An m-dimensional hypercube may be represented as a Cayley graph of the
Abelian group C n2 with respect to the standard generators. We have shown
that these Cayley graphs have a large achromatic number. On the other
hand, the achromatic number of a Cayley graph of C n2 with respect to the
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set of all elements of odd weight is 2. In fact, a Cayley graph of any group
with respect to a nontrivial coset of a large subgroup has a small achromatic
number. We believe that under mild conditions the achromatic number of
a Cayley graph is large in the above sense.
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